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An effective computational strategy is developed for generating the response of
complex systems using (small or large) perturbations from the response of a simple

, structure (or a simpler mathematical/discrete model of the original structure). Two
general approaches are developed for selecting the simpler model and establishing
the relations between the original and simpler models. The two approaches are:
decomposition or partitioning strategy, and hierarchical modeling strategy. Two
effective partitioning strategies are used. The first is based on uncoupling of
load-carrying mechanisms, and the second is based on symmetry transformations. The

S hierarchical modeling used is a predictor-corrector iterational process based onSusing a simple mathematical model in the predictor phase and correcting the response5 using a more accurate mathematical model. The strategies have been applied to sev- I
eral problems including: thermal buckling and postbuckling of multilayered composite
plates; and nonlinear dynamic analysis of composite shells.
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ABSTRACT

An effective computational strategy is developed for generating the response of complex systems

using (small or large) perturbations from the response of a simple structure (or a simpler

mathematical/discrete model of the original structure). Two general approaches are developed for selecting

the simpler model and establishing the relations between the original and simpler models. The two

approaches are: decomposition or partitioning strategy, and hierarchical modeling strategy. Two effective

partitioning strategies are used. The first is based on uncoupling of load-carrying mechanisms, and the

second is based on symmetry transformations. The hierarchical modeling used is a predictor-corrector

iterational process based on using a simple mathematical model in the predictor phase and correcting the

response using a more accurate mathematical model. The strategies have been applied to several problems

including: thermal buckling and postbuckling of multilayered composite plates; and nonlinear dynamic

analysis of composite shells.

RESEARCH OBJECTIVES

The objective of the present study is to develop an effective computational method for generating

the response of a complex system using large perturbations from that of a lower-order model associated

with a simpler system (or a simpler mathematical/discrete model of the original system). As an integral

part of the proposed strategy an attempt will be made to unify and realize the full potential of a number of

multilevel computational strategies, some of which were developed by the principal investigator and his

colleagues. The multilevel strategies include reduction methods, hybrid modeling/analysis techniques, and

partitioning methods. Reduction methods are techniques for substantially reducing the number of degrees

of freedom of the initial discretization, and have been successfully applied to a number of vibration and

nonlinear structural and thermal problems. Hybrid modeling/analysis techniques can achieve significant

reductions in the analysis time by incorporating the known physical behavior into the computational model

of the system and by using different analysis methods and/or models in predicting the different response

characteristics of the engineering systems. Partitioning methods are based on breaking the large (and/or

complex) problem into a number of smaller (and/or simpler) subproblems. The solution of the original

problem is generated using information provided by the individual subproblems.

The proposed strategy is believed to combine the following three major characteristics:



1) gives physical insight about the response

2) helps in assessing the adequacy of the computational model; and

3) is highly efficient.

The strategy will first be applied to: a) the nonlinear postbuckling problem of composite structures;

b) reanalysis of large structures in the presence of geometric nonlinearities; then c) coupled field problems.

The postbuckling response of the highly anisotropic composite structure is generated using large

perturbations from the response of a simpler structure. The three key elements of the strategy to be

exploited in the first two applications are: 1) mixed (or primitive variable) formulation, with the

fundamental unknowns consisting of both stress and displacement parameters; 2) operator splitting, or

additive decomposition of the different arrays in the equations of the given structure to the corresponding

arrays of the simpler, or previously-analyzed, structure plus correction terms; and c) application of a

reduction method and/or a stable iterative method for the efficient generation of the equations of the given

structure.

RESEARCH ACCOMPLISHMENTS

The results of the research conducted during the period September 30, 1990 to August 31, 199,

are included in thirteen publications. Three of the tasks that have been performed under this grant,

namely, the development of an improved partitioning strategy for large-scale structural problems; the

development of a predictor-corrector approach for generating the steady-state thermal response and thermal

buckling of multilayered composite plates and shells; and hierarchical adaptive modeling of structural

sandwiches, are described subsequently. An overview of recent activities and a summary of the

accomplishments were presented at the Air Force Contractors Meeting in Dayton, Ohio, October 10-11,

1991 (see Appendix I). The abstracts of the papers completed under the grant are given in Appendix II.

Improved Partitioning Strategy for Large-Scale Problems

The governing equations for the discrete model of the original structure can be written in the

following compact form:

[K](Z) = (Q) (1)
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where {Z) is the vector of stress parameters and generalized displacements; [K] is the global structure

matrix which includes the flexibility and strain-displacement matrices; and (Q) is the global right-hand-

side vector.

In the decomposition strategy the vector of fundamental unknowns (Z} is partitioned into smaller

subvectors. The governing discrete equations, Eqs. 1, are partitioned accordingly. The simpler model is

i associated with the uncoupled equations in the partitioned variables. For the case of two partitions, the

process can be described by embedding Eqs. 1 in a single-parameter family of equations as follows:

I . K12. 1=z IQ, (2)
([K 22 JXF. K 1 02)1Z IQ21I

i where (Z1 }, (Z2) and (Q)}, {Q2) are the partitions of the original vectors {Z} and [Q); X. is a tracing

parameter which identifies all the correction terms needed in going from the simpler model to the discrete

model of the original structure; and a dot (.) refers to a zero submatrix. The simpler model corresponds to

EX--O (uncoupled equations in {Z1 I amd {Z2 )), and the discrete model of the original structure corresponds

to X=1 (fully coupled equations). The solution corresponding to X=1 is generated from the corresponding

solution at X--O using an iterative process such as the Preconditioned Conjugate Gradient (PCG). Note

- that the correction vectors of the iterative process, provide a direct measure of the sensitivity of the

response quantities to the coupling terms (viz., the terms associated with the tracing parameter X in Eq. 2).

The vectors (ZI} amd {Z2) are chosen to be the symmetric and antisymmetric components of the

response vector (each is approximately half the size of the original vector, {Z}). The simpler model (X=O)

corresponds to a symmetrized structure in which the symmetric and antisymmetric components of the

response vector are uncoupled. This approach can be thought of as a physical domain decomposition. If

the PCG technique is used in generating the solution at X=l, and the preconditioning matrix is selected to

be the left-hand side matrix corresponding to X=O, then each of the correction vectors is either symmetric

or antisymmetric.

The convergence of the PCG technique can be expedited by replacing Eqs. 2 by the following

equivalent form of two uncoupled equations in I ZI amd I Z2 ):

1 (KK[1KIQ21 (3)
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I Note that for X=l, each diagonal block of the total left-hand-side matrix is in the form of Schur

complement which is not formed explicitly. Rather, the preconditioning matrix is selected to be the first

I matrix on the left-hand side (corresponding to X--O) and the PCG technique is used in generating the

I solution at A.=1. The results of this research are reported in Ref. 1.

Predictor-Corrector Approach for Generating the Steady-State Temperature Distribution and Thermal
Buckling Response of Multilayered Plates and Cylinders

I A predictor-corrector procedure has been developed for the accurate determination of the

I temperature and heat flux distributions, as well as the thermal buckling response of thick multilayered

composite plates and shells. The procedure is based on using a linear through-the-thickness temperature

(or displacement) distribution in the predictor phase. The functional dependence of temperature (or

displacements) on the thickness coordinate is then calculated a posteriori and used in the corrector phase.

I Extensive numerical results have been conducted for linear steady-state heat conduction as well as

thermal buckling problems, showing the effects of variation in the geometric and lamination parameters on

the accuracy of the temperature distribution and thermal buckling response predictions of the predictor-

I corrector approach. Both antisymmetrically laminated anisotropic plates, and multilayered orthotropic

cylinders are considered. The solutions are assumed to be periodic in the surface coordinates. For each

j problem the standard of comparison is taken to be the analytic three-dimensional solution based on treating

each layer as a homogeneous anisotropic medium. The potential of the predictor-corrector approach for

I predicting the thermal response of multilayered plates and shells with complicated geometry is

I investigated. The results of this study have been reported in publications.

Hierarchical Adaptive Modeling of Structural Sandwiches

I The key elements of a hierarchical adaptive modeling strategy for structural sandwiches have been

identified. The strategy uses the multimodel predictor-corrector modeling procedures. Some initial results

have been obtained for free vibrations of thermally stressed multilayered composite panels and structural

I sandwiches with composite face sheets. The results have been accepted for publication (Ref. 16). The

strategy appears to have high potential for more complex problems.I
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Appendix I

EFFECTIVE COMPUTATIONAL STRATEGIES FOR PREDICTING
THE RESPONSE OF COMPLEX SYSTEMS

AFOSR Grant No. 90-0369

Principal Investigator: Ahmed K. Noor

Center for Computational Structures Technology
University of Virginia

NASA Langley Research Center
Hampton, VA 23665

OVERVIEW:
The present research aims at developing effective computational procedures for generating the
response of a complex system using large perturbations from that of a lower-order model
associated with a simpler system (or a simpler mathermatical/discrete model of the original system).
The strategies developed will allow the practical use of more sophisticated models, for the accurate
prediction of the response of future flight vehicles, than has heretofore been done. This is
accomplished, ,among other things, by: a) strongly coupling the physics of the problem with the
solution strategy, and b) attempting to unify a number of multilevel computational strategies,
including reduction methods, hybrid modeling/analysis techniques, and partitioning methods.

SUMMARY OF ACCOMPLISIIMENTS:
The computational strategies, which have been developed for predicting the response of complex
systems, combine the following three major characteristics:

1. Provide physical insight about the response. This is accomplished by using hierarchical
adaptive modeling, in the sense of starting from a simpler model and increasing the level of
sophistication, as needed, to model the actual engineering system.

2. Help in assessing the adequacy of the computational model. This is accomplished by
obtaining sensitivity information about the modeling details neglected, as part of the analysis
process.

3. High computational efficiency. This is achieved by: a) reducing the number of degrees
of freedom used in the initial discretization; and b) exploiting the major features of new computing
systems (viz., vector, parallel and AI capabilities).

The basic idea of the strategies developed is to generate the response of the complex system
using large perturbations from that of a simpler model associated with either a simpler system or a
simpler mathematical/discrete model of the original system.

The discrete equations of the simpler system are embedded into those of the original
complex system. Sensitivity derivatives of the response of the system with respect to the modeling
details neglected, are directly available.

The response of the simpler system (or simpler model) is then used as a predictor and a
stable iterative process (e.g., PCG or multigrid technique) is applied to generate the response of the
original system.

Two general approaches have been developed for selecting the simpler model, namely, a)
hierarchical modeling (multimodel or multigrid), and b) decomposition or partitioning (physical
domain decomposition). Thefirst approach is based on using either a mathematical model of a
lower dimensionality (multimodel or physical multigrid - PMG); or a coarse finite element grid
(classical multigrid). The second approach is based on either uncoupling of different fields in
coupled problems; uncoupling of load carrying mechanisms in structural problems; or using
symmetry transformations. Hierarchical modeling strategies (predictor-corrector approaches) have
been developed for the accurate prediction of the response characteristics of multilayered composite
plates and shells (see Refs. 1 and 2). The basic idea of these strategies is summauized in Fig. 1.
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The strategies developed have been applied to several problems including: thermal
buckling and postbuckling of multilayered composite plates; and nonlinear dynamic analysis of
composite shells. Ty,,;,i:al results are shown in Figs. 2, 3 and 4. Figure 2 shows the accuracy of
the critical temper'-,,re and its derivative with respect to Young's modulus in the fiber direction
obtained by the "redictor-corrector approaches described in Refs. I uad 2. The plates considered
are ten-layereti angle-ply composites subjected to uniform temperatures. The standard of
comparison is taken to be the exact three-dimensional thermoelasticity solution (Refs. 3 and 4).
The results obtained by the predictor-corrector procedures are compared with those obtained by
other modeling approaches based on different through-the-thickness approximations for the
displacements vt, v2, (o and the transverse stresses t1 3, T23 and t33 (see Fig. 2). Figure 3
shows the accuracy of the transverse shear stresses obtained by tie different modeling approaches.
The effectiveness of die predictor-corrector approaches is clearly demonstrated in Figs. 2 and 3.

Figure 4 shows a cylindrical panel with an off-center cutout subjected to uniform normal
loading. The decomposition strategy based on symmetry transformations was applied to the
evaluation of the transient dynamic response of the panel. The performance of the strategy on
CRAY YMNI4/432 computer is shown in 'Fable 1. As can be seen from Table 2, the speedup
resulting from the use of the strategy is over one order of magnitude.

REFERENCES:
1. Noor, A. K. and Burton, W. S., "Predictor-Corrector Procedures for Thermal Buckling of

Multilayered Composite Plates," Computers and Structures, Vol. 40, No. 5, 1991, pp. 1071-
1084.

2. Noor, A. K. and Burton, W. S., "Accuracy of the Critical-Temperature Sensitivity Derivatives
Predicted by Two-Dimensional Multilayered Composite Plate Theories," AIAA Journal (to
appear).

3. Noor, A. K. and Burton, W. S., "Three-Dimensional Solutions for Thermal Buckling of
Multilayered Anisotropic Plates," Journal of Engineering Mechanics, ASCE (to appear).

4. Noor, A. K. and Burton, W. S., "Three-Dimensional Solutions for the Free Vibrations Ind
Buckling of Thermally Stressed Multilayered Composite Plates," Journal of Applied Mechanics
(to appear).

5. Noor, A. K. and Peters, J. M., "Strategies for Large-Scale Structural Problems on I ligh-
Performance Computers," Communications in Applied Numerical Computers (to appear).

Predictor Phase w(O) 02

"* Use first-order shear deformation theory to predict I N22

global response characteristics, in-plane strain and ZLOIk-L-// Z
stress components N 1N 2

* Use three-dimensional equilibrium equations to OJZ .,M22
calculate transverse stresses and strains 21

Corrector Phase- 2- f.

"• Adjust (calculate a posteriori) some key elements T33 '32

of the computational model '31* 7 23

9 Composite shear correction factors (Approach I) '13, '22
or Functional dependence of displacement components Ill '21

on the thickness coordinate (Approach II)

"* Use the adjusted elements of the model to improve the
accuracy of the various response quantities

Figure 1 - Basic idea of the predictor-corrector approaches used in the present study.
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Model no. V1 , V2  (0 " 3 3  T13 ,2 3

1 Linear Const. 0 k= =k2=1 0
1A Linear Const. 0 k= k2 = 5/6 o
2 Linear Linear - o

3 Cubic Quadratic -

4 Quintic Quintic -

5 Cubic Const. - 0 at h/2 A

6, 6A Predictor-corrector procedures Q

1 4 18

I 0
L 2 f 2A O /L

1 1 
2- I 0 A

, . . . . , /. _/ -- fA

I''
_j AVI _

00 .10 .5 0 05 .10 .15

h/L, h/I 2

Figure 2 - Accuracy of critical temperature and its sensitivity derivative obtained by die
predictor-corrector and other modeling approaches. Ten-layered angle-ply plate with 0=450.

.50 - 40 .0Model 3 I .50 Model 6 I
Model 4 0 Model 6A N

.25 - c .25
o oo

x3 /h 0 x3/h 0

, Dý3031 
,

C30 A '11 33 T 3 2

X "23-2

T 3- T 22 ___

S0 - ' -12 -.50 _
-.45 0 .45 .90 1.35 -.45 0 .45 .90 1.35

1A IA

'113/'113exactlmax T13/' 13exact max

Figure 3 - Accuracy of transverse shear stresses 't13 obtained by the predictor-corrector
and other modeling approaches (see Fig. 2).
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x
R hiU

Sw I I

INI

3818 nonzero displacement Boundary conditions
degrees of freedom

6144 stress degrees of freedom At x = 0, LI:
U=V =W = 1= (½2 0

Loading 1 2
At y = 0, L2 :

Uniform normal loading with W= 1= 0
intensity po

Figure 4 - Cylindrical panel with an off-center cut-out used in the present study.

Full Structure Partitioned Structure
(Optimized Code) (Nearly Optimized Code) R

(278 MFLOPS) (246 MFLOPS) h

Number of 3818 displacements 971 displacements
degrees of 6144 stress 1536 stresses
freedom L2

Semibandwidth 700 315
of equations

Wall clock time 171 58.6 one processor
(sec.) 29.7 two processors
(first ten steps) 16.4 four processors

Speedup 1.0 2.92 one processor
5.76 two processors

10.43 four processors

Table 1 - Performance evaluation of the decomposition strategy based on
symmetry transformations on the CRAY-Y MP4/432 at Mendota Heights.
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APPENDIX II

Abstracts of Papers Completed Under the Grant

COMMUNICATIONS IN APPL'ED NUMERICAL METHODS, Vol. 7, 465-478 (1991)

STRATEGIES FOR LARGE SCALE STRUCTURAL
PROBLEMS ON HIGH-PERFORMANCE COMPUTERS

AHMED K. NOOR AND JEANNE M. PETERS

Center for Computational Structures Technology, University of Virginia,
NASA Langley Research Center, Hampton, VA 23665, U.S.A.

SUMMARY
Novel computational strategies are presented for the analysis of large and complex structures. The
strategies are based on generating the response of the complex structure using large perturbations from
that of a simpler model, associated with a simpler structure (or a simpler mathematical/discrete model
of the original structure). Numerical examples are presented to demonstrate the effectiveness of the
strategies developed.

Computers a Structures Vol. 39. No. I 2. pp. i5W-193. 1991 0045-7949,91 S3.00 + 0.00
Pnnted in Great Bitan. Perpmon Prem pic

STEADY-STATE HEAT CONDUCTION IN

MULTILAYERED COMPOSITE PLATES AND SHELLS

A. K. NooR and W. S. BURTON
Center for Computational Structures Technology. University of Virginia. NASA Langley Research

Center. Hampton. VA 23665. U.S.A.

(Receired 3 October 1990)

Abstract-A study is made of a predictor-corrector procedure for the accurate determination of the
temperature and heat flux distributions in thick multilayered composite plates and shells. A linear
through-the-thickness temperature distribution is used in the predictor phase. The functional dependence

of temperature on the thickness coordinate is then calculated a posteriori and used in the corrector phase.
Extensive numerical results are presented for linear steady-state heat conduction problems. showing the

effects of variation in the geometric and lamination parameters on the accuracy of the thermal response
predictions of the predictor-corrector approach. Both antisymmetrically laminated anisotropic plates and
multilayered orthotropic cylinders are considered. The solutions are assumed to be periodic in the surface
coordinates. For each problem the standard of comparison is taken to be the analytic three-dimensional
solution based on treating each layer as a homogeneous anisotropic medium. The potential of the
predictor--corrector approach for predicting the thermal response of multilayered plates and shells with
complicated geometry is discussed.
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HYBRID ANALYTICAL TECHNIQUE [OR THE
NONLINEAR ANALYSIS OF CURVED BEAMS

A. K. Noot ad ~ C. NI. ANDLRSENt

tWenter for Computational Structures Technology, University of Viiginia. NASA Langley Resarch
Center. Ilanipton, VA 23665. U S.A

tColkege of William and Mary in Virginia, Williamsburg, VA 23195, U S A,

(Rcetcud4 22 Maut. 1991)

Abstract -The applicatioin of a two-step hy brid techniq ue to thle geonieltracally noii -ii analysis ol'curved
bearns is uised to demonstrate the potential of hybrid analytical techniques in nonlinear structural
niechaiuics The hybrid technique is based on successive use of the perturbatiotn method and ,s classical
direct %ariational procedure The functions associated with the various-order termis in the perturbation
ex panisioin of I he fuindamiental unkn iowns. and their sensitivity dens ati, es with resplect I) material anmid
gcome I nc pa ra meters of the beami, are lirsi obtained by using the l~i rurhaimt ionmethod These funictions
are selected as coordinate functions (or modes) and the claissical direct variational technique is then used
to compute their amplitudes The potential of the proposed hybrid technique for nonlinear analysis of
structures is discussed The etfectiveness of the hybrid technique is demonstrated by mecans olf numerical
examples. 1 he symbolic computation system Niathemnatica is used in the present study The tasks
performed oin Miathemnatica include: (1) generation of algebraic expressions for the pertumbiation functions
of the different response quantities and their sensitivity derivatives. and (2) deter mination of thme radius
of convergence of the perturbation series.

THREE-DIMENSIONAL SOLUTIONS FOR THERMAL
BUCKLING OF MULTILAYERED ANISOTROPIC PLATES

By Abmned K. Near.i Fellow, ASCE, and W. Scott Burton'

AmamRAcT: Analytic three-dimensional elasticity solutions are presented for the
thermal buckling problem of multilayered anisotropic plates. The plates arc as-
sumed to have rectangular geometry and an antisymmetric lamination with respect
to the middle plane. The temperature is assumed to be independent of the surface
coordinates, but it has an arbitrary symmetric variation through the thickness of
the plate. No external loads arc present, but the motion of the plate is partially
restrained in its plane. A mixed formulation is used, with the fundamental un-
knowns consisting of the six stress components and the three displacement com-
ponents of the plate. The prebuckling deformations are taken into account. Each
of the plate variables is decomposed into symmetric and antisymmectric components
in the thickness direction, and is expressed in terms of a double Fourier series in
the Cartesian surface coordinates. Extensive numerical results are presented show-
ing the effects of the prebuckling deformation on the critical temperature, as well
as the effects of variation in the lamination and geometric parameters of composite
plates on the importance of the transverse Wstrs and strain components.

iFerman W. Perry Prof. of Aerospace Struct. and AppI. Mech., and Dir.. Ctr.
for Computational Struct. Tech., Univ. of Virginia, NASA Langley Res. Otr.. Ilamp-
ton, VA 23665.

'Res. Sci., Ctr. for Computational Struct. Tech.. Univ. of Virginia, NASA Langley
Res. Ctr., Hampton, VA.

Note. Discussion open until September 1, 1992. To extend the closing date one
month, a written request must be filed with the ASCE Manager of Journals. The
manuscript for this paper was submitted for review and possible publication on June
5. 1991. This paper is part of the Journal of Engaineerneg Mechanics. Vol. 118, No.
4, April, 1992. CASCE, ISSN t)733-9399/92AWNM4-(W3/$l.(N) + S.1I per page. Paper

No. 199).
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COMPUTATIONAL TECHNOLOGY FOR
HIGH-TEMPERATURE AEROSPACE STRUCTURES

A. K. NooR and M. F. CARD

NASA Langley Research Center. Hampton. VA 23681, U.S.A

Abstyact-The status and some recent developments of computational technology fi.,r high-temperature
aerospace structures are summarized. Discussion focuses on a number of aspects including: goals of
computational technology for high- temperat ure structures. computational material modeling; life predic-
tion methodology; computational modeling of high- temperature composites; error estimation and
adaptive improvement strategies; strategies for solution of fluid flow/thermallstructural problems: and
probabilistic methods and stochastic modeling approaches. integrated analysis and design. Recent trends
in high-performance computing environment are described and the research areas which have high
potential for meeting future technological needs are identified.

THEIRMOMECHANICAL BUCKI IN( OF MULTILAYIERED
COMPOSITE PL.AlES

By Ahmed K. Noor,' Fellow, ASCE, and Jeanne M. Peters'

ABSTRACT: A study is made of the thermomechanical buckling of composite plates

of a number offierfectly bonded layers and have symmetric lamination with respect
to the middle plane. The material properties arc assunted to be independent of
temperature. The analysis is based on a lirsi-or'der shear delormation theory. A
mixed formulation is used, with the fundamnetal uinknowns consisting of the gen-
eralized displacements and the %tress resultant% iii the plate. An efficetnt multiple-
parameter reduction method is used, in coanjunctioin with mixed finite-element
models, for determining the stability boutidatr, A the plate Sensitivity derivatives
are evaluated and used to study the -sensitivity adl the buckling response to vanations,
in different lamination and material parameters of the plate. Numerical results are
presented that show the effectiveness of the reduction method, as well as the effects
of variations in the material characteristics and liber orientation of individual layers
on the stability boundary of the plate.

iFerman W. Perry Prof. of Acrosp Struct. and Appl. Mech., and Dir.. COr. for
Computational Struct. Tech.. Utiiv. ol Virginia. Miad Stop 210. NASA Langley Res.
Cir.. Hampton. VA 23665.

2Sr. Programmer Analyst. Univ. of Vtrginia. NASA LangleV Res. Ctr., Hampton,I VA.
Note. Discussion open until July 1. 1992. To extend the closing date one month,

a written request must be filed with the ASCI: Manager of Journal%. The manuscript
for this paper was submitted for review and po~ssiblel publication on March 8. 1991.I ~ This paper is part of the Journal of Engineering Mlechanics. Vol. IIM,. No. 2. February.

1992. ,t*AS('[. ISSN 0l733-9399&/9~2,11142ItNI2.ltSll I(K) f S. 15 per~ page. Paper No. 1502.
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PREDICTOR-CORRECTOR PROCEDURES FOR THERMAL
BUCKLING ANALYSIS OF MULTILAYERED COMPOSITE

PLATES

A. K. NooR and W. S. BURTON
Center for Computational Structures Technology. University of Virginia.

NASA Langley Research Center. Hampton. VA 23665. USA

Abstract-A study is made of to predictor-corrector procedures for the accurate determination of global.
as well as detailed, thermal buckling response characteristics of composite plates Both procedures use
first-order shear deformation theory in the predictor phase, but differ in the elements of the computational
model being adjusted in the corrector phase. The first procedure calculates a posteriori estimates of the
composite correction factors and uses them to adjust the transverse shear stiffnesses of the plate. The
second procedure calculates a posteriori the functional dependence of the displacement components on
the thickness coordinate. The corrected quantities are then used in conjunction with three-dimensional
equations to obtain better estimates for the different response quantities. Extensive numerical results are
presented, showing the effects of variation in the geometnc and lamination parameters for antisymmet-
ncally laminated composite plates subjected to uniform temperature nse. on the accuracy of the thermal
buckling response obtained by predictor-corrector procedures. Companson is also made with solut~uns
obtained by other computational models based on two-dimensional shear deformation theories. For each
problem, the standard of companson is taken to be the analytic three-dimensional thermoelasticity
solution, with prebuckling deformations accounted for. The numerical examples clearly demonstrate the
accuracy and effectiveness of the predictor-corrector procedures.

Finite Eleiments in Analysis and Design 11 (1992) 91-104 91
Elsevier

FINEL 237

Postbuckling of multilayered composite plates subjected
to combined axial and thermal loads

Ahmed K. Noor and Jeanne M. Peters
Center for Computational Struclures Technolokg1 University of Virginia, NASA Langh'v Research Center,
Hampton, I irginia, USA

Received September 1991
Revised January 1992

Abstract. A study is made of the postbuckling response of composite plates subjected to combined axial and
thermal loadings. The analysis is based on a first-order shear deformation. von Kiirmýin-typc nonlinear plate
theory. A mixed formulation is used with the fundamental unknowns consisting of the gcneralized displace-
ments and the stress resultants of the plate. An efficient reduction method is used in conjunction with mixed
finite clement models for determining the stability boundary and the postbuckling response of the plate.
Sensitivity derivatives are evaluated and used to study the sensitivity of the posthuckling response to variations
in the different lamination and material parameters of the plate. For quasi-isotropic plates, numerical results
are presented showing the effects of variations in the material characteristics and fiber orientation of
individual layers on the postbuckling response of the plate.
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THERMAL POSTBUCKLING OF THIN-WALLED
COMPOSITE STIFFENERS

A. K. Nook and J. M. PETERS

Center for Computational Structures Technology, University of Virginia. NASA Langley Research
Center, Hampton, Virginia. U.S.A.

(Received 5 May 1991)

Abstract-A study is made of the thermal postbuckling response of composite stiffeners subjected
to prescribed edge displacement and a temperature rise. The flanges and web of the stiffeners are
modeled by using two-dimensional plate finite elements. A mixed formulation is used with the
fundamental unknowns consisting of the generalized displacements and the stress resultants of the plate.
A reduction method is used in conjunction with mixed finite element models for determining the
postbuckling response of the stiffeners. Sensitivity derivatives are evaluated and used to study the
effects of variations in the different lamination and material parameters of the stiffeners on their
postbuckling response characteristics. Numerical studies are presented for anisotropic stiffeners with Zee
and channel sections.

Three-Dimensional Solutions for
the Free Vibrations and Buckling
of Thermally Stressed Multilayered

Psor. Angle-Ply Composite Plates
Fellow ASME.

Analytic three-dimensional elasticity solutions are presented for the free vibration
and buckling of thermally stressed, multilayered, angle-ply composite plates. Sen-

W. Scott Burton sitivity derivatives are also evaluated and used to study the sensitivity of the vibration
and buckling responses to variations in the different lamination and material pa-

Research Scientist, raineters of the plate. The plates are assumed to have rectangular geometry and an
Assoc. Mem. ASME. antisymmnetric lamnination with respect to the middle plane. The temperature is

assumed to be independent of the surface coordinates, but has an arbitrary symmetric

C variation through the thickness of the plate. A linear, Duhamnel-Neumann type

Center for Computational Structures constitutive model is used, and the mnaterial properties are assumed to be independentTechnology,

University 0o Virginia. of temperature. Tile thermal plate response is subjected to litne-varying perturbation

NASA Langley Research Center, displacements, strains, and stresses. A minxed formulation is used with the funda-

Hampton, VA 23681 mental unknowns consisting of the six perturbation stress comiponents and tile three
perturbation displacement components of the plate. The initial thermal deformations
are accounted for. Each of the plate variables is decomposed into symmetric and

antisymnmetric components in the thickness direction, and is expressed in terms of
a double Fourier series in tile Cartesian surface coordinates. Numerical results are
presented showing the effects of variations inl material characteristics and fiberl
orientation of different layers, as well as the effects of initial thermal deformnations

on the vibrational and buckling responses of the plate, as wiell as their sensitivity
derivatives.

Contributed by the Applied Mechanics Division of Tium. AMERICAN SOCIETY
or MECHANICAL ENGINEERS ror publication in the ASME JOURNAL OF APPLIED

MIECHANICSl
Discussion an this paper should be addressed to ihe Technical Editor, Prof.

Leon M. Keer, The Technological Institute, Northwestern Univerity, Evanston.

IL 60208, and will be accepted until four months after final publication of the

paper itself in the JOURNAL OF APPLIED MECHANICS.
Manuscript received by the ASME Applied Mechanics Division. Jan. 16. 1991;

final revision, June 26, 1991. Associate Technical Editor: L. M. Kecr.
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Accuracy of Critical-Temperature Sensitivity Coefficients
Predicted by Multilayered Composite Plate Theories

Ahmed K. Noor* and Scott Burtont
NASA Langley Research Center, Hampton, Virginia 23665

An assessment is made of the accuracy of the critical-temperature sensitivity coefficients of multilayered plates

predicted by different modeling approaches, based on two-dimensional shear-deformation theories. The seuisi-

tivity coefficients considered measure the sensitivity of the critical temperatures to variations in different

lamination and material parameters of the plate. The standard of comparison is taken to be the sensitivity

coefficients obtained by the three-dimensional theory of thermoelasticity. Numerical studies are presented
showing the effects of variation in the geometric and lamination parameters of the plate on the accuracy of both

the sensitivity coefficients and the critical temperatures predicted by the different modeling approaches.

AIAA JOURNAL
Vol. 30, No. 7, July 1992

Reduced Basis Technique for Calculating Sensitivity

I Coefficients of Nonlinear Structural Response

Ahmed K. Noor* and Jeanne M. Peterst
NASA Langley Research Center, Ilampton, Virginia 23665

An efficient reduced basis technique is presented fur calculating the sensitivity of nonlinear structural

response to variations in the design variables. The structure is discretized by using two-field mixed finite element

models. The vector or structural response and its sensitivity coefficients (derivatives with respect to design

variables) are each expressed as a linear combination of a small number of basis lor global approximation)

vectors. The Iluhnov-Galerkin technique is then used to approximate each of the finite element equations

governing the response and the sensitivity coefficients by a small number of algebraic equations in the amplitudes

of these vectors. The path derivatives (derivatives of the response vector ssith respect to path parameters; e.g.,

load parameters) are used as basis vectors for approximating the response. A combination of the path derivatives

and their derivatives with respect to the design variables is used for approximating the sensitivity coefficients.

The potential of the proposed technique is discussed and its effectiveness is denonstrated by means of numerical

examples of laminated composite plates subjected to mechanical and thermal loads.

I
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Three- Dimensional Solutions for
the Thermal Buckling and

A. K. Noor Sensitivity Derivatives of
Professor. w ~ ttn a rt n cr~ ~ r

Fellow ASME. e p r t r - e s tv

W. Scott Burton Multilayered Angle-Ply Plates
Research Scientist.
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Center for Computational thrneatcpoete.Boith the critical templeratuires anid Ithesen~sitit-itY de(1ri! alie~s
Structures Technology. are coinpitted. T/he seiisitii'it t dertrattire tneasure the .sen~sitit'it1 of thle liic-luing

University of Virginia.* response to l'ari .ations on tihe diffe'rent antinmatioti and inaterwi ,'raratineters (if thes
flamrplon. VA 23681 pl/ate. The plate's (ire assumned to hate rectangular geoi'i~tl'rs and( ait antis ' viniietric'
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for. Numnerical resuilts are presvented. for plates subject-ed to unriform teniperatiere

nicrase shwin t/e efect of teinperatuire-depietuent tnat('ria/ prroperties on t/ue

pre/umek/ing stresses,, critical teinperatu~res, and their sensitivi lit derit -ati 'es.

Contributed by the Applied Mechanics Division of TIM AMFRICAN SOCIFTY
OF SIFC1IANICAt l:NGINIFFRS for presentation at the 1992 ASNIEi Winter Anuual
Mveeting. Aitalteim. CA, Nov. 8-13, 1992.

Discussion Pit this paper should be addressed to Prof. -leon MI. Keer. I lie
Technological Institute. Northwsteuern University, Evanston. It 60208, and will
be accepted until four months after final publication of the paper itsetf in the
ASNIE JosRENAi OF Art'Ltrs, NlrdHANtC-S.

Ma1nuscript received by tire ASNIE Applied Mlechanics lDiviiion. Ocet. 29.,i991;
final resision, Jan. 9, 1992. Associate 1 eittical kdior: I.. NI. Kccr.

Paper No. 92-%VA/APNlI-2.
Copies of this paper rwill be available unitil Feb. 1994.
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MECHANICS OF ANISOTROPIC PLATES AND
SHELLS-A NEW LOOK AT AN OLD SUBJECT

A. K. NoOR
Center for Computational Structures Technology. lthiisersity of Vtrginia,

NASA Lutngley Research Center, llatnplon, VA 23665, U.S.A.

(Reccit ed 29 April 1992)

Abstract --A number of aspects of toe mechanics of anisotropic plates and shelts are discussed. The topics
covered tnclutdc comnputationa~l models of atuisotropic Plates atd shtells, consequenices of anisotropy onl
deformation coupling,., symmetry types. stress cotncentrations arid edge efl'ccts. and importance of
transverse shear defornmation, recent applications and recent advances in the modeling and analysis of
anisotropic plates and shtells; and new research directions.
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Computational models for high-temperature multilayered
composite plates and shells

Ahmed K Noor and W Scott Burton
Center for Computational Structures Technology, University of Virginia, NASA Langley Research
Center, Hampton, VA

The focus of this review is on the hierarchy of composite models, predictor-corrector procedures,
the effect of temperature-dependence of material properties on the response,.and the sensitivity of
the thermomechanical response to variations in material parameters. The literature reviewed is
devoted to the following eight application areas: Heat transfer; thermal stresses; curing, processing
and residual stresses; bifurcation buckling; vibrations of heated plates and shells; large deflection
and postbuckling problems; and sandwich plates and shells. Extensive numerical results are
presented showing the effects of variation in the lamination and geometric parameters of
temperature-sensitive angle-ply composite plates on the accuracy of thermal buckling response,
and the sensitivity derivatives predicted by nine different modeling approaches (based on two-
dimensional theories). The standard of comparison is taken to be the exact three-dimensional
thermoelasticity solutions. Some future directions for research on the modeling of high-
temperature multilayered composites are outlined.

ASME Book No AMR120 $22.00
Appi Mech Revc vol 45, no 10, October 1992

APPLIED
NUMERICAL

MATHEMATICS
ELSEVIER Applied Numerical Malhematics 14 (1993) ANMoo457T

Hierarchical adaptive modeling of structural sandwiches
and multilayered composite panels

Ahmed K. Noor *, W. Scott Burton, Jeanne M. Peters
Center for Computational Structures Technology, University of Virginia, NASA Langley Research Center,

Hampton, VA 23681, USA

O0o

Abstract

Some recent advances in the hierarchical modeling strategies are reviewed with special emphasis on applications
to multilayered composite panels. Discussion focuses on the key elements of hierarchical adaptive modeling;
multimodel predictor-corrector modeling procedures; potential for solving large complex problems; and the needed
development to realize this potential. Numerical studies are presented for free vibrations of thermally-stressed
multilayered composite panels and structural sandwiches with composite face sheets demonstrating the effectiveness
of the multimodel predictor-corrector modeling approaches.

Key words. 0ee " Hierarchical modeling, adaptivity, predictor-corrector procedures,
finite elements, plates and shells, thermal buckling, free
vibrations, sandwich structures, composites
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FINITE ELEMENT BUCKLING AND POSTBUCKLING ANALYSES

Ahmed K. Noor
Center for Computational Structures Technology

University of Virginia
NASA Langley Research Center

Hampton, Virginia 23681 U.S.A.

Abstract

An overview is given of the finite element buckling and postbuckling analyses of composite plates.
Discussion focuses on finite element formulations of the prebuckling, bifurcation buckling and
postbuckling responses; sensitivity analysis; application of reduction methods and other recent
computational enhancements. Reported applications of the finite element method to buckling and
postbuckling problems of composite plates are reviewed. Finite element solutions are presented
for the buckling and postbuckling responses of composite plates subjected to various combinations
of mechanical and thermal loadings. Some future directions for research are outlined.

To appear in "Buckling and Postbuckling of Composite Plates," edited by G. J. Turvey and I. H.
Marshall, Elsevier (to appear).

FINITE ELEMENT BUCKLING AND POSTBUCKLING SOLUTIONS
FOR MULTILAYERED COMPOSITE PANELS

Ahmed K. Noor and Jeanne M. Peters
Center for Computational Structures Technology

University of Virginia
NASA Langley Research Center

Hampton, Virginia 23681

ABSTRACT

A study is made of the buckling and postbuckling responses of flat, unstiffened composite panels
subjected to various combinations of mechanical and thermal loads. The analysis is based on a
first-order shear deformation von-Karman type plate theory. A mixed formulation is used with the
fundamental unknowns consisting of the strain components, stress resultants and the generalized
displacements of the plate. The stability boundary, postbuckling response and the sensitivity
coefficients are evaluated. The sensitivity coefficients measure the sensitivity of the buckling and
postbuckling responses to variations in the different lamination and material parameters of the
panel. Numerical results are presented for both solid panels and panels with central circular
cutouts. The results show the effects of the variations in the fiber orientation angles, aspect ratio of
the panel, and the hole diameter (for panels with cutouts) on the stability boundary, postbuckling
response and sensitivity coefficients.

To appear in Finite Elements in Analysis and Design
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TRANSVERSE SHEAR STRESSES AND THEIR SENSITIVITY
COEFFICIENTS IN MULTILAYERED COMPOSITE PANELS

Ahmed K. Noor,* Yong H. Kim,t and Jeanne M. Petersf
University of Virginia and NASA Langley Research Center, Hampton, Virginia 23681

ABSTRACT

A computational procedure is presented for the accurate determination of transverse shear
stresses and their sensitivity coefficients in flat multilayered composite panels subjected to
mechanical and thermal loads. The sensitivity coefficients measure the sensitivity of the transverse
shear stresses to variations in the different lamination and material parameters of the panel. The
panel is discretized by using either a three-field mixed finite element model based on a two-
dimensional first-order shear deformation plate theory, or a two-field degenerate solid element with
each of the displacement components having a linear variation throughout the thickness of the
laminate. The evaluation of transverse shear stresses can be conveniently divided into two phases.
The first phase consists of using a superconvergent recovery technique for evaluating the in-plane
stresses in the different layers. In the second phase, the transverse shear stresses are evaluated by
using piecewise integration, in the thickness direction, of the three-dimensional equilibrium
equations. The same procedure is used for evaluating the sensitivity coefficients of the transverse
shear stresses.

The effectiveness of the computational procedure is demonstrated by means of numerical
examples of multilayered cross-ply panels subjected to transverse loading, uniform temperature
change, and uniform temperature gradient through the thickness of the panel. In each case the
standard of comparison is taken to be the exact solution of the three-dimensional thermoelasticity
equations of the panel.

*Ferman W. Perry Professor of Aerospace Structures and Applied Mechanics and Director, Center
for Computational Structures Technology. Fellow AIAA.
"tResearch Associate, Center for Computational Structures Technology.
tSenior Programmer Analyst, Center for Computational Structures Technology.

To appear in AIAA Journal.
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